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Sequences of (1, ¢)-Weakly Contractive Mappings
and Stability of Fixed Points in 2-Metric Spaces

S.N. MISHRA, RAJENDRA PANT, AND R. PANICKER

ABSTRACT. The purpose of this paper is to present some new results on
the stability of fixed points for certain sequences of weakly contractive
mappings, known as (v, ¢)-weakly contractive mappings over a variable
domain in a 2-metric space. The results obtained herein extend certain
known results.

1. INTRODUCTION

Recently, Barbet and Nachi [5] (see also [4]) obtained some stability re-
sults using certain new notions of convergence over a variable domain in
a metric space. The above results include the earlier results of Bonsall [6]
and Nadler [30]. For some useful references on stability of fixed points, we
refer to [1, 3, 20, 21, 22, 32, 34, 35, 36, 37, 38, 39|. These results have been
further generalized by Mishra et al.[23, 24, 25, 26, 27, 28, 29] in different
settings. In this paper, we obtain a number of stability results in 2-metric
spaces for a much wider class of (i, ¢)-weakly contractive mappings (see
Remark 1 below) which include the well known contraction mappings, non-
linear contractions due to Boyd and Wong and weakly contractive mappings
(see [2, 8, 10, 18, 33, 40, 41| for details). The results obtained herein thus
compliment the results of Barbet and Nachi [5] and extend the result of
Mishra et al. [26] to 2-metric spaces. We note that the results so obtained
are significant in the sense that 2-metric spaces differ topologically with
metric spaces(see Remark 2 below).

Let (X, d) be a metric space and T': X — X. Then T is called a contrac-
tion mapping if there exists a constant k € (0,1) such that

(1) d(Tz,Ty) < kd(z,y)
for all z,y € X.
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2 SEQUENCES OF (v, ¢)-WEAKLY CONTRACTIVE MAPPINGS AND STABILITY. ..

T : X — X is called nonlinear contraction [8], if
(2) d(Tz, Ty) < a(d(z,y))
for all z,y € X, where a : [0, 00) — [0, 00) is upper semicontinuous from the
right and «(t) < ¢ for t > 0. We note that «(0) = 0.

T : X — X is called weakly contractive, if

(3) d(Tz,Ty) < d(z,y) — ¢ (d(z,y))
for all z,y € X, where ¢ : [0,00) — [0, 00) is a continuous and nondecreasing
function such that ¢(t) = 0 if and only if ¢ = 0.

We note that the condition(3) follows from Taskovié [40, 41]. For an earlier
work in this direction, we refer to Krasnosel’skil et al. [18] and Dugundji
and Granas [10]. Also, that these mappings have been studied by Alber and
Guerre-Delabriere [2] and Rhoades [33| as mentioned by Jachymski [17].

In this paper, we shall use the following class of mappings satisfying the
so called (¢, ¢) condition (see for details [11, 7, 9]).

T:X — X is called (¢, ¢)-weakly contractive if
(4) ¥ (d(Tz,Ty)) < ¢ (d(z,y)) — ¢ (d(z,y))

for all z,y € X, where 1, ¢ : [0,00) — [0,00) are both continuous functions
such that 1(t), ¢(t) > 0 for ¢t € (0,00) and ¥(0) = 0 = ¢(0). In addition, ¢

is non-increasing and v is increasing(strictly).

Remark 1. It is interesting to note that if one takes ¢(t) = (1 — k)t, where
0 < k < 1, then (3) reduces to (1). When (t) = t, then condition (4)
recovers condition (3). In fact, the weakly contractive mappings are also
closely related to nonlinear contraction. If ¢(t) = ¢ — «a(t), then (3) turns
into (2). Therefore

1)=12)=(3)= 4.
However, the above implication is not reversible (see |11, Example 2.2]).

This shows the generality of (1, ¢)-weakly contractive mappings.

2. 2-METRIC SPACES

We first recall some basics of 2-metric spaces. For details we refer to
Gahler [12] and Iséki [13, 14, 15, 16].

Definition 1. Let X be a nonempty set, consisting of at least three points.
A 2-metric on X is a real-valued function p on X x X x X which satisfies
the following conditions:

(a) To each pair of distinct points z,y € X there exists a point a € X
such that p(z,y,a) # 0.
(b) If at least two of x,y, a are equal then p(x,y,a) = 0.
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(d) p(x,y,a) < p(x,y,2) + p(x,2z,a) + p(z,y,a) for all 2,y,2,a € X.

The pair (X, p) is called a 2-metric space. p is non-negative and it ab-
stracts the properties of the area function for Euclidean triangles in the same
manner as a metric abstracts the properties of the length function.

Definition 2. A sequence {z,} in a 2-metric space (X, p) is said to be
convergent with limit z € X if lim p(z,,z,a) = 0 for all a € X. Notice
n—oo

that if the sequence {x,} converges to z, then lim p(z,,a,b) = p(z,a,b)
n—oo

for all a,b € X. Further, the sequence {z,} is said to be a Cauchy sequence
if lim p(xm,xn,a) =0 for all a € X. If every Cauchy sequence in X is
m,n—0o0

)

convergent, (X, p) is said to be a complete 2-metric space.

Definition 3. A 2-metric space (X, p) is said to be bounded if there is a
constant K such that p(a,b,c) < K for all a,b,c € X.

Remark 2. The following remarks briefly capture some distinct features of
topological properties of 2-metric spaces which differ from those of metric
spaces.

(i) Given any metric space which consist of more than two points, there
always exists a 2-metric compatible with the topology of the space.
But the converse is not always true as one can find a 2-metric space
which does not have a countable basis associated with one of its
arguments (see Géhler [12, Theorem 20 and Example on page 145]).

(ii) A 2-metric p is a continuous mapping of each of its three arguments.
Generally, we cannot however assert the continuity of p in all the
three arguments. But if it is continuous in any two arguments si-
multaneously, then it is continuous in all the three arguments (see
Gahler [12, page 123]). So if a 2- metric is continuous in any two
arguments, we shall call it continuous.

(iii) In a complete 2-metric space, a convergent sequence need not be
Cauchy (see Naidu and Prasad |31, Example 0.1]).

(iv) In a 2-mertic space (X,p), every convergent sequence is Cauchy
whenever p is continuous. However, the converse need not be true
(see Naidu and Prasad [31, Example 0.2]).

Now we state the following analogue of conditions (1), (2), (3) and (4) for
2-metric spaces as follows.

Let (X,p) be a 2-metric space and 7' : X — X. Then T is called a
contraction mapping(or k -contraction) if there exists a constant k£ € (0, 1)
such that

(5) p(Tz,Ty,a) < kp(x,y,a)
for all z,y,a € X.
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It is well known that a contraction mapping on a 2-metric space X has a
unique fixed point. Initially, an additional requirement of boundedness was
placed on X by Iséki et al.[16] and which was dispensed with subsequently
by Rhoades [32] and Lal and Singh [19] independently.

T : X — X is called a nonlinear contraction if

(6) p(T'z,Ty,a) < a(p(z,y,a))
for all z,y € X, where « : [0, 00) — [0, 00) is upper semicontinuous from the
right and «(t) <t for t > 0. We note that a(0) = 0.

T: X — X is said to be weakly contractive on X if

(7) p(Tx,Ty,a) §p(:v,y,a)—¢(p(a:,y,a))
forall x,y,a € X, where ¢ : [0, 00) — [0, 00) is continuous and nondecreasing
such that ¢(¢) = 0 if and only if ¢ = 0.

T:X — X is called (¢, ¢)- weakly contractive if

(8) w(p(Tl'aTya a)) < ¢(p(l‘a Y, (Z)) - ¢(p(l‘, y7a))

for all z,y € X, where ¥, ¢ : [0,00) — [0,00) are both continuous functions
such that ¥ (t), ¢(t) > 0 for ¢t € (0,00) and ¥(0) = 0 = ¢(0). In addition, ¢
is non-increasing and v is increasing(strictly).

Throughout this paper, let (X, p) be a 2-metric space with a continuous
2-metric p. Let N be the set of naturals and N = NU {co}.

3. STABILITY UNDER (G)-CONVERGENCE

Definition 4. [27] Let X be a 2-metric space, { X, }, .y a family of nonempty
subsets of X and {7}, : X, — X}, . a family of mappings. Then T is
called a (G)-limit of the sequence {7}, }, oy, or equivalently {7}, . satisfies
the property (G) if the following condition holds:

(G): Gr(Tw) C liminf Gr(T,): for every z € X, there exists a sequence
{z,} in HNX" such that
ne

lim p(xn,2,a) =0 and lim p(T,2n, Teoz,a) =0 forall a € X,
n—oo n—oo
where Gr(T') denotes the graph of T'.

The following proposition extends a result of Barbet and Nachi [5, Propo-
sition 1] (see also Mishra et al.[26]) for (¢, ¢)-weakly contractive mappings

to a 2-metric space.
Proposition 1. Let X be a 2-metric space, {Xn}, . 7 o family of nonempty
subsets of X and {T,, : X;, — X}, oy a sequence of (1, ¢)-weakly contractive

mappings. If Too : Xoo — X is a (G)-limit of {T,,}, then T is unique.
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Proof. Assume that T, : Xoo — X and T3 @ Xoo — X are (G)-limit

mappings of the sequence {7,}. Hence for any point z € X, there exist

two sequences {z,} and {y,} in HNXn converging to x such that {T,,z,}
ne

and {7,y } converge to T, and T respectively. Therefore

lim p (Th2n, Toox,a) =0, lim p( Thyp, Toyz,a) =0 for all a € X.
n—oo

n—oo

Since T, is (1, ¢)-weakly contractive for each n € N,

711(,0(Tn1'n, Tnyr“ CL)) < TZJ(P(fUm Yn, a)) - ¢(p($n, Yn, a))
which implies that

V(p(Tnn, Tnyn, a)) < Y(p(Tn, Yn, a)).

As 1 is increasing, from the above inequality we have

(9) P(Lnn, Tnyn, a) < p(Tn, Yn, a).
By the triangular area inequality and condition (9), for all n € N and for
any a € X, we have
p(Toox, Tz, a)
< p(Toox, Tox, Tnxn) + p(Toox, Tnan, a) + p(Thzn, Toox, a)
< p(Toox, Tox, Tnxn) + p(Toox, Tnxn, a) + p(Tnn, Toox, Tnyn)
+ p(Toxn, Toyn, a) + p(Tnyn, Tonx, a)
< p(Toox, Tox, Tnxn) + p(Toox, Tnxn, a) + p(Thxn, Toox, Tnyn)
+ p(Tny Yn, @) + p(Tnyn, Togz,a) — 0 as n — oo.
Hence we deduce that lim p(Teox, 7% z,a) = 0 and the unicity of the limit
is established. e O

When 9(t) =t and ¢(t) = (1—k)t and k € (0, 1) in the above proposition,
we get the following result.

Corollary 1 (|27, Proposition 2.2]). Let X be a 2-metric space, {Xn}, 5
a family of nonempty subsets of X and { Ty, : X,y — X}, oy a sequence of
k-contraction mappings. If T : Xoo — X is a (G)-limit of {1}, then T
1S unique.

When v (t) =t and ¢(t) = t — a(t) in the above proposition, the following
result is obtained.

Corollary 2. [25, Proposition 3.3] Corollary 1 with k-contraction replaced
by nonlinear contraction.

The following theorem is our first stability result.
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Theorem 1. Let X be a 2-metric space, {Xn},c v a family of nonempty
subsets of X and {T, : X, — X}, a family of mappings satisfying the
property (G) such that for alln € N, T,, is a (¢, ¢)-weakly contractive map-
ping where 1) is increasing and ¢ is non-increasing. If for alln € N, x,, is a
fized point of T,, then the sequence {xn}, .y converges to Too.

Proof. Let x,, be a fixed point of T}, for each n € N. Since the property (G)
holds and =, € X, there exists a sequence {y,} in HNXn such that
ne

lim p(yn,Too,a) =0 and lim p(Thyn, TooToo,a) =0 for all a € X.

n—oo

We have
Y (p(Tn, Toos @) = Y (P(Tn2n, TooToo, a))
< (p(Tnxm TooToo, Tnyn) + p(TnfEna Thyn, a) + p(Tnyn, T oo, a)) .

Making n — oo in the above inequality and using the continuity of ¥ and ¢
and the fact that ¢ is increasing and ¢ is non-increasing, we obtain

lim ¢ (p(2n, Too,a)) < lim ¥ (p(Tn2n, TooToo, Tnyn)
n—oo n—oo
+ p(Tnwn, Tayn, a) + p(Toyn, TooToo, a))
lim 9 (p(Txn, Tnyn, a))
n—oo
7}1_{1010 [V (p(Tr, Yn, a)) — ¢ (p(Tn, Yn, a))]

lim [¢ (p(mm Yn, l'oo) + P(JUn; Loos a) + ﬂ(%o, Yn, a))

n—oo

- d) (p(xnayn,xoo) + p(x'm Loo, a) =+ P(%oaym a))]

- nh—{{olo'(ﬂ (p(xn, Loo, a)) - nh—>rgo¢ (p(l‘n,l'oo, CL)) )

VAN

IN

which implies that

n—oo
By the property of ¢, we get lim p(zy, Zoo,a) = 0 and hence the conclusion.
n—oo
O

Corollary 3 (|27, Theorem 2.3]). Let X be a 2-metric space, {Xn}, 5
a family of nonempty subsets of X and {T,,: X, — X}, .5 a family of
mappings satisfying the property (G) such that, for alln € N, T,, is a k-
contraction. If for all m € N, x, is a fixed point of T, then the sequence
{@n},en converges to o

Proof. Tt comes from Theorem 1 when 9 (t) = ¢t and ¢(t) = (1 — k)t and
ke (0,1). O

Corollary 4 (|25, Theorem 3.5|). Corollary 3 with k-contraction replaced
by nonlinear contraction.
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The existence of a fixed point for a (G)-limit mapping is characterized by
the following result when it is a (i, ¢)-weakly contractive mapping.

Theorem 2. Let X be a 2-metric space, {Xn}, . i o family of nonempty
subsets of X and {T), : X, — X}, oy o family of mappings satisfying the
property (G) and such that for anyn € N, T,, is a (¢, ¢)-weakly contractive
mapping. Assume that, for any n € N, x,, is a fived point of T,,. Then

Too admits a fized point < {x,} converges and limz, € X

< {x,} admits a subsequence converging to a point of X.

Proof. The necessary part is already proved in Theorem 1. To prove the
sufficiency, let {z,,,} be a subsequence of {z,} such that lim z,, = 7, €

j—o0
Xoo. By the property (G), there exists a sequence {y,} in [[ X, such that
neN

lim p(Yn, Too,a) =0 and lim p(Tpyn, TooToo,a) = 0 for all a € X.

n—oo

Hence for any a € X and n € N, we have

P (Zoos TooToo, @)
< p(Toos Ty, a) + p (Tnjmnj,Tooxoo, a) +p (xoo, TooToos Tnja:nj)
< (@0 Tnya) + p (TnyTny TooToos Ty Yn, ) + P (Toy Ty s Ty, )
+p (Tn].yn].,Tooxoo, a) +p (xoo,Tooafoo,Tnjxnj)
<p (xoovxnjva) + 0 (Tn; 2y TooToo, TnyYn; ) + (:Unj’y"j’a’)
+p (Tnjynj,Tooxoo, a) +p (xoo,Tooxoo,Tnja:nj) by condition (9).

The right hand side of the above expression tends to zero as j — oo and
hence ThoToo = Too, proving that s is a fixed point of Ty. O

Corollary 5 ([25, Theorem 3.8|). Let X be a 2-metric space, {Xn}, 5 @
family of nonempty subsets of X and {T,, : X;, — X}, oy a family of map-
pings satisfying the property (G) and such that for any n € N, T,, is a
nonlinear contraction. Assume that for any n € N, x,, is a fized point of T,,.
Then

Too admits a fized point < {x,} converges and limx, € X

< {x,} admits a subsequence converging to a point of Xo.
Remark 3. Under the assumptions of Theorem 2, and if

(i): liminf X,, C X« (i-e., the limit of any convergent sequence {z,} in
HNXn is in X ), then
ne

Too admits a fixed point < {x,} converges.
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(ii): limsup X,, C X (i.e., the cluster point of any sequence {z,} in
HNXn is in X4 ) then
ne

Two admits a fixed point < {x,} admits a convergent subsequence.

The following proposition provides a sufficient condition under which a
(G)-limit of a sequence of (1), ¢)-weakly contractive mappings is again (¢, ¢)-
weakly contractive.

Proposition 2. Let X be a 2-metric space, {Xn}, 55 a family of nonempty
subsets of X and {T, : X, — X}, o family of mappings satisfying the
property (G) and such that for any n € N, T, is a (1, ¢)-weakly contractive
mapping. Then Ty is (¥, ¢)-weakly contractive.

Proof. Given two points z and y in X, by the property (G) there exist two
sequences {z,} and {y,} in HNXn converging respectively to x and y such
ne

that the sequences {7z, } and {T,y,} converge respectively to T,z and
Tooy. For any n € Nand a € X,

Y (p(Too, Teoy, a))
<Y (p(Toox, Tooy, Tnxn) + p(Too, Ty, a) + p(Tnxn, Tooy, a))
<Y (p(Toox, Tooy, Tnn) + p(Toox, Tnn, a) + p(Tnxn, Tooy, Tnyn)
+ p (Tnn, Toyn, @) + p(Toyn, Ty, a)) -

Letting n — oo, and using the continuity of both ¥ and ¢ we have
< lim [ (p(2n, Yn, @) = ¢ (p(2n, Yn, @))] -

Hence we conclude that ¢ (p(Too, Ty, 0)) < % (p(w,,)) — 6 (pl(, y, a)).
O

Corollary 6. Let X be a 2-metric space, { Xy}, . i a family of nonempty
subsets of X and {T), : X, — X}, o family of mappings satisfying the
property (G) and such that for any n € N, T, is a k-contraction from X,
to X. Then Ty is a k-contraction.

Proof. This comes from Proposition 2 when ¢(t) = t and ¢(t) = (1 — k)t
and k € (0,1). O

Corollary 7 (|25, Proposition 3.10|). Corollary 6 with k-contraction re-
placed by nonlinear contraction.

Under a compactness assumption, the existence of a fixed point of the
(G)-limit mapping can be obtained from the existence of fixed points of the
(1, ¢)-weakly contractive mappings Ty,.



S.N. MisHrA, RAJENDRA PANT, AND R. PANICKER 9

Theorem 3. Let {X,}, v be a family of nonempty subsets of a 2-metric
space X and {Ty, : X, — X}, v @ family of mappings satisfying the property
(G) and such that, for any n € N, T,, is a (¢, ¢)-weakly contractive mapping
where Y is increasing and ¢ is non-increasing. Assume that limsup X, C

Xoo and |J Xy, is relatively compact. If for any n € N, T,, admits a fized
neN

point x,, then the (G)-limit mapping T admits a fived point T and the

sequence {Tp}, oy converges to Too.

Proof. Let x, be the fixed point of T}, for n € N. From compactness condi-
tion, there exists a convergent subsequence {xy;} of {x,}. Now by Remark
3, Too admits a fixed point 2, and by Theorem 1, the sequence {x,} con-
verges t0 Too. O

Corollary 8 ([27, Theorem 2.10]). Let { Xy}, o be a family of nonempty
subsets of a 2-metric space X and {T,, : X, — X}, 5 a family of map-
pings satisfying the property (G) and such that, for any n € N, T, is a
k-contraction. Assume that limsup X,, C X and |J X,, is relatively com-

neN
pact. If for any n € N, T,, admits a fived point x,, then the (G)-limit

mapping Toe admits a fized point o and the sequence {Tn},c converges
10 Too.

Proof. This comes from Theorem 3, when ¥(t) = ¢ and ¢(t) = (1 — k)t and
ke (0,1). 0

Corollary 9 (|25, Theorem 3.12|). Corollary 8 with k-contraction replaced
by nonlinear contraction.

Proof. This comes from Theorem 3, when ¢(t) =t and ¢(t) =t —«(t). O

The following notion of convergence is weaker than (G)-convergence and
has been studied in [27].

Definition 5. [27] Let X be a 2-metric space, { X, }, . a family of nonempty
subsets of X and {7, : X;, — X}, 5 a family of mappings. Then T is
called a (G™) limit of the sequence {7}, ¢y, or equivalently {7},}, 5 satis-
fies the property (G7), if the following condition holds:

(G7): Gr(Tx) C limsup Gr(T,,) : for all z € X, there exists a sequence
{#n}, ey in HNX”’ which has a subsequence {:xm} such that
ne ’

lim p(xn;,2,a) =0and lim p(T,,7n;, Toz,a) =0, for all a € X.

J—oo Jj—o0

The following result establishes that a fixed point of a (G™)-limit mapping
is a cluster point of the sequence of fixed points associated with {7}, }.
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Theorem 4. Let {X,,} be a family of nonempty subsets of a 2-metric space
X and {T, : Xp — X}, oy @ family of (¥, ¢)-weakly contractive mappings
satisfying the property (G~ ), where 1 is increasing and ¢ is non-increasing.
If for any n €N, x,, is a fived point of Ty, then xo is a cluster point of the

sequence {Tn},cn-

Proof. By the property (G7), there exists a sequence {y,} in HNXn which
ne

has a subsequence {y,,} such that

lim p(yn,, Too,a) = 0 and lim p (Tn].yn].,Tooxoo, a) =0 forall a € X.
j—o00 J—00

By the triangular area inequality, we have
P(Tnjs Toos @) < p(Thn; T, TooToos Tn,Yn;)
+ p(Tn;Tn;, Tnjyn, > @) + p(Tn,Unjs TooToos @)
Since 1 is increasing,
(0 (P(xnjaxocn a)) <y (IO(Tnjxnj7T00xOO7 Tnjynj)
+ p(To; %0y, ToyYnys @) + p(To Y, TooToo, a)).

Now using the properties of 1) and ¢ and making j — oo, we get
Jim 4 (pen, 700, 0))

< lim v (p(Tn].xnj,Tnjynj,a))

j—oo

< Jim [ (p(wn;, Yn; @) = & (P, 4,5 @))]

J—00

S ]]i}né.lo [w (p($njaynja$oo) + p(xnj7x007a) + p(xoo7ynj7 a))

- ¢ (p(xnjvynjaxoo) + p(anwwOO?a/) + p<$o<>7ynj7a))]

= ]li)nolow (p(xnjawooa a)) - Jll)rgogb (P(l'njamooa CL)) .

Hence
hm ¢ (p(xnjaxooa a)) S O

Jj—00
By the property of ¢, we deduce that

lim p(zn;, Too,a) = 0.
j—00

Thus {zy, } converges to o, the fixed point of T. O

Corollary 10 (|27, Theorem 2.12|). Let {X,,} be a family of nonempty sub-
sets of a 2-metric space X and {T,, : X, — X}, v a family of k-contraction
mappings satisfying the property (G~ ). If for any n € N, x, is a fized point
of Ty, then xo is a cluster point of the sequence {xy }nen-
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Proof. This comes from Theorem 4, when ¢ (t) = ¢t and ¢(t) = (1 — k)t and
ke (0,1). O

Corollary 11 ([25, Theorem 3.15|). Corollary 10 with k-contraction re-
placed by nonlinear contraction.

4. STABILITY UNDER (H)-CONVERGENCE

Definition 6. [27] Let X be a 2-metric space, { X, }, . a family of nonempty
subsets of X and {7}, : X;, — X}, 5 a family of mappings. Then T is
called an (H)-limit of the sequence {T},},cy or, equivalently {7},},  satis-
fies the property (H) if the following condition holds:

(H): For all sequences {z,} in HNXn, there exists a sequence {y,} in X
ne
such that
lim p(xp,yn,a) =0 and lim p(Thzn, Tooyn,a) =0 for all a € X.
n—oo

n—oo

The following theorem is our second stability result using the (H)-conver-
gence in 2-metric spaces.

Theorem 5. Let X be a 2-metric space, { X}, v a family of nonempty
subsets of X, {T), : Xn — X}, a family of mappings satisfying the prop-
erty (H) and such that Tw is a (¢, ¢)-weakly contractive mapping. If for any
n €N, z, is a fized point of T, then the sequence {xn}neN converges t0 Too-

Proof. By the property (H), there exists a sequence {y,} in X, such that
lim p(zp,yn,a) =0 and lim p(Thxn, Tooyn,a) = 0 for any a € X. Hence
n—oo n—oo
for any a € X,
P(Tn, Tooy @) = p(TnTn, TooToo, a)
< :O(Tnl'n» ToYn, a)
+ P(Tooyn, TooT oo, @) + p(TnTn, TocToo, Tooyn)-
Since %) is increasing,
Y (p(Tn, oo, @) <Y (p(Tnn, Tooyn, @)
+ p(Tooyny TooT oo, a) + p(Tnﬂjna TooToo, Tooyn)) .
Now using the properties of 1 and ¢ and making n — oo,
lim ¥ (p(2n, Too,a)) < lim ¥ (p(Tooyn, TooToo, )
n—oo n—oo
< lm [¥ (p(Yn, Too, @) = & (P(Yn; Too, @))]
< nILH;o [w (p(ym Too, xn) + P(yn, Tn, a) =+ p(mna Lo, a))
-9 (p(yna Lo, xn) + P(yna Tn, a) =+ P(xna Lo a))]

nh_{goiﬁ (P(xn, Too, CL)) - nh—>nolo¢ (p(xnv Lo, a)) :
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Thus
lim ¢ (p(zn, Too,a)) < 0.
n—oo
By the property of ¢, we deduce that
lim p(zy, s, a) =0,
n—oo

and the conclusion follows. O

Corollary 12 ([27, Theorem 3.4]). Let X be a 2-metric space, {Xn}, x5 @
sequence of nonempty subsets of X, {T, : Xy, — X}, v a sequence of map-
pings satisfying the property (H) and such that T is a k-contraction. If for
anyn € N, z, is a fized point of T, then the sequence {@n},en converges to

Too-

Proof. This comes from Theorem 5, when () =t and ¢(t) = (1 — k)t and
ke (0,1). O

Corollary 13 (|25, Theorem 4.5|). Corollary 12 with k-contraction replaced
by nonlinear contraction.

Acknowledgement. The authors are indebted to the referee for bringing
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